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During the last decades, numerous exotic states which cannot be explained by the conventional quark model
have been observed in experiment. Some of them can be understood as two-body hadronic molecules, such as
the famous X(3872), analogous to deuteron in nuclear physics. Along the same line, the existence of the triton
leaves an open question whether there is a bound state formed by three hadrons. Since, for a given potential,
a system with large reduced masses is more easier to form a bound state, we study the BBB∗ system with the
one-pion exchange potential as an exploratory step by solving the three-body Schro¨dinger Equation. We predict
that a tri-meson molecular state for the BBB∗ system is probably existent as long as the molecular states of its
two-body subsystem BB∗ exist.
PACS numbers: 14.40.Rt, 36.10.Gv
I. INTRODUCTION
In the last few decades, numerous exotic states named as “XYZ” as well as charm-strange mesons beyond the conventional
quark model have been reported by many experimental collaborations. For a review of these exotic states, we recommend
Refs. [1–16]. Some of them can be understood in the hadronic molecular picture [12] which is an analog of the deuteron as a
loosely bound state of a proton and a neutron. In their formation, the one-pion exchange potential (OPEP) plays an important
role, e.g. in the formation of deuteron and the X(3872) [17, 18], due to its long-range property. Analogously, the existence of the
triton arouses interest in the study of the three-hadron system, especially after the large accumulation of experimental data, which
might give some hints about the existence of this kind of bound states. In general, to solve the three-body problem, one should
solve the Faddeev equations rigorously [19–31]. However, for a specific system, one can do some approximation to simplify the
problem, such as the Fixed Center Approximation (FCA) in the study of the X(2175) as a resonance of the φKK¯ system [32] and
the approximation on unitary chiral dynamics on the piKK¯ and pipiη systems [33]. The FCA has also been widely applied to other
systems, such as the KKK¯ [34], the DD¯∗K and D¯D∗K [35], the J/ψKK¯ [36], the NDK, K¯DN and NDD¯ [37], the NK¯K [38],
the BDD¯ and BDD [39–41] systems. There are many other studies that employ FCA method discussed in Refs. [42–50]. The
isobar familism has also been applied to discuss three-body systems, such as the strange dibaryon resonance in the K¯NN − piσN
system [51], the effect of the ∆(1236) isobar on the three nucleon bound states [52], and other systems [41, 53–55]. The dimer
familism is another approximation method for a three-body system where a composite field is intoduced to describe its two-body
subsystem when rescattering with a third particle, which has been applied to the three-hadron systems [56–59]. Recently, a series
of studies [60–62] of a three-particle system in a finite volume via the dimer field have be proposed to gain a insights about a
three-body system in a discretized space such as used in lattice QCD. It is worth mentioning that the system BB∗B∗−B∗B∗B∗ has
been studied recently in Ref. [63] based on the colored interaction for its subsytems. By solving exactly the Faddeev equations
for the tri-meson system, the authors find a bound state about 90 MeV below three B mesons threshold. Similar discussions on
the ΩNN and ΩΩN systems can be found in Ref. [64].
As discussed above, the OPEP plays an important role in binding the two-hadron system. From another point of view, one
can view it as a pion shared by the two constituents and form a bound state. It can be regarded as a bond similar to the σ bond in
hydrogen molecules. There is another kind of bond called delocalized pi bond universally existing in benzene molecules, which
is a pair of electrons shared by the six carbon atoms. A simple extension is replacing the carbon atoms by hadrons. We have
studied the role of the delocalized pi bond in forming the three-body bound state for the double heavy tri-meson systems, i.e.
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FIG. 1: Dynamical illustration of the BBB∗ system with a circle describing the delocalized pi bond inside. Since the three constituents have the
same probabilities to be the B and B∗, one can rewrite the system as B(∗)a B
(∗)
b B
(∗)
c .
DD∗K, DD¯∗K, BB∗K¯ and BB¯∗K¯ [65], based on the sufficient information of it sub two-body system and the Born-Oppenheimer
Approximation (BOA) which works well for a system with several heavy and light particles [66]. The crucial idea is to use
Born-Oppenheimer (BO) potential for considering the influence of the light part on the dynamics of the heavy part. Therefore,
it is a fascinating idea whether the delocalized pi bond and the BOA could be applied to a three-heavy system, such as the BBB∗
system with large reduced mass.
The same three bottomed meson system has been studied in Ref. [58] by calculating the scattering amplitudes between the
Zb(10610) or the Zb(10650) and the bottomed meson. The universal bound states of three bottomed mesons from the Efimov
effect has been ruled out. As in their calculation, only the contact interaction is included which might be the reason why
they do not find a bound state. After including the long-range OPEP, the case might be different. Thus we solve the three-
body Schro¨dinger equation to discuss the BBB∗ system by considering the OPEP. Without an assumption about its two-body
subsystem, i.e. the molecular nature of the Zb(10610) or Zb(10650), we focus on the three-body bound state as a function of the
binding energy of its subsystem. Hopefully, the present extensive investigations will be useful to deepen our the understanding
of a system made of three heavy particles.
This paper is organized as follows. After the introduction, the formalism and the inputs for the BBB∗ system are presented
in Sec. II. The dynamics of the two-body subsystem and the corresponding BO potential are given in Sec. III and Sec. IV,
respectively. By constructing a proper interpolating wave functions for the BBB∗ in Sec. V, we solve the three-body Schro¨dinger
equation in Sec. VI. Numerical results and discussions are given in the following section. The summary is presented in the last
section. Some technicalities are relegated to the appendix.
II. FORMALISM AND THE INPUTS
The BOA has been successfully used in few-body system with several heavy and light particles [66, 67]. For a three-body
system with one light and two heavy mesons, such as the DD∗K [65] system, the three-body Schro¨dinger equation is divided
into two sub equations, one is the motion of light meson with two static sources and the other one is the equation for the two
heavy mesons with the BO potential [65], which reflects the influence of the light meson on the dynamics of the two heavy
mesons. If the interaction between the light meson and the heavy meson is attractive, it would make the two heavy mesons
come closer, thus facilitating the formation of a bound state of the whole system. However, for a three heavy meson system,
although the application of BOA is not straightforward, one can employ the underlying permutation symmetry, which means the
corresponding dynamics is invariant under the interchange of any two constituents, for the system and continue to use the BOA
for the calculation.
The OPEP indicates that there is only one virtual pion exchanged by any two constituents as shown in Fig. 1. One can use
a, b and c to label the three mesons in the original channel, i.e. B∗aBbBc. It changes into BaB∗bBc via one-pion exchange (OPE)
between a and b, and the channel BaB∗bBc changes into BaBbB
∗
c through the OPE between b and c. When the virtual pion arises
between a and c, it returns back into the original channel B∗aBbBc. Within this scenario, the virtual pion is not localized between
any two constituents but rather shared by the whole system. It is very similar with the benzene molecule which has a pair of
electrons shared by the six carbon atoms, which is called delocalized pi bond in molecular physics. Since the three constituents
have the same probability to be the B and B∗ mesons, one can write the system as B(∗)a B
(∗)
b B
(∗)
c . Furthermore, the order of the a, b
and c labels of the three mesons is artificial, as the system is invariant under the interchange of the a, b and c. This interchange
symmetry will help to simplify our calculations. The point is that one can count the influence of each heavy meson on the
dynamics of the other two mesons one by one. In other words, we can divide the system into three two-body subsystems a b,
3b c and a c. In each subsystem, one should add the BO potential from the remaining one. The existence of a negative common
eigenvalue for the three subsystems may partly answer whether there is three-body bound state for the three heavy system. For
simplicity, we call this method as Born − Oppenheimer potential method (BO potential method).
Before performing the calculation, we define the isospin wave functions of the BBB∗ systems as |I2, I3, I3z〉 with I2 the isospin
of the sub-BB∗ system. I3 and I3z represent the total isospin of the three-body system and its z direction, respectively. One thus
obtains the isospin wave functions of the BBB∗ system,∣∣∣∣∣1, 32 , 32
〉
= |(B+B∗+)B+〉,∣∣∣∣∣1, 32 ,−32
〉
= |(B0B∗0)B0〉,∣∣∣∣∣1, 32 , 12
〉
=
1√
3
[|(B+B∗0)B+〉 + |(B0B∗+)B+〉 + |(B+B∗+)B0〉],∣∣∣∣∣1, 32 ,−12
〉
=
1√
3
[|(B0B∗0)B+〉 + |(B+B∗0)B0〉 + |(B0B∗+)B0〉],∣∣∣∣∣1, 12 , 12
〉
=
1√
6
[2|(B+B∗+)B0〉 − |(B0B∗+)B+〉 − |(B+B∗0)B+〉],∣∣∣∣∣1, 12 ,−12
〉
=
1√
6
[|(B0B∗+)B0〉 + |(B+B∗0)B0〉 − 2|(B0B∗0)B+〉],∣∣∣∣∣0, 12 , 12
〉
=
1√
2
[|(B0B∗+)B+〉 − |(B+B∗0)B+〉],∣∣∣∣∣0, 12 ,−12
〉
=
1√
2
[|(B0B∗+)B0〉 − |(B+B∗0)B0〉].
Since BB∗ can couple with B∗B∗ via OPE, the coupled channel effect is not negligible. We only consider the next close BB∗B∗
channel in our calculation. If we distinguish the specific locations of the constituents as a, b and c, there are six channels in total,
i.e. B∗aBbBc, BaB∗bBc, BaBbB
∗
c, B
∗
aB
∗
bBc, B
∗
aBbB
∗
c and BaB
∗
bB
∗
c.
The Lagrangians with SU(2) chiral symmetry (we only consider OPE) and C-parity conservation read
LP = −i2gfpi M¯P
∗µ
b ∂µφbaP
†
a + i
2g
fpi
M¯Pb∂µφbaP
∗µ†
a
− g
fpi
P∗µb ∂
αφba∂
βP∗ν†a µναβ +
g
fpi
∂βP∗µb ∂
αφbaP∗ν†a µναβ, (1)
L˜P = −i2gfpi M¯P˜
†
a∂µφabP˜
∗µ
b − i
2g
fpi
M¯P˜∗µ†a ∂µφabP˜b
+
g
fpi
∂βP˜∗µ†a ∂αφabP˜∗νb µναβ −
g
fpi
P˜∗µ†a ∂αφab∂βP˜∗νb µναβ, (2)
where the heavy flavor meson fields P and P∗ represent P = (B−, B¯0), P∗ = (B∗−, B¯∗0), respectively. Its corresponding heavy
anti-meson fields P˜ and P˜∗ represent P˜ = (B+, B0), P˜∗ = (B∗+, B∗0). φ is the pion matrix
φ =
 pi0√2 pi+pi− − pi0√
2
 . (3)
We use the pion decay constant fpi = 132 MeV [68]. The pionic coupling constant g= 0.57 is extracted from the width of D∗+
by assuming heavy quark flavor symmetry[69]. All the parameters and input datas are listed in Table I. Here, we neglect isospin
breaking effect and use the masses of their charged particles.
Under SU(2) chiral symmetry, the OPE interaction is of order O(p0) for the three-body system. In this paper, we only take into
account the OPEP to theO(p0) order. Thus, there are four kinds of effective potentials. We use V1 to denote the effective potential
for the interaction BB∗ → B∗B. V2 and V ′2 denote the process BB∗ → B∗B∗ and its reverse, respectively. V3 represents diagonal
process B∗B∗ → B∗B∗. Since the interactions are physical, the effective potentials should be unitary which gives V ′2 = (V2)†. ~ri j
is used to denote the relative displacement between the i-th and j-th particles. Thus, the effective potentials of the three-body
4TABLE I: The coupling constants and meson masses in our calculation. The meson masses are taken from the PDG [69]
mass(MeV) coupling constants
mpi = 139 g = 0.57
MB = 5279 fpi = 132.00 MeV
MB∗ = 5325
system in the channel space |BBB〉 := {B∗aBbBc, BaB∗bBc, BaBbB∗c, B∗aB∗bBc, B∗aBbB∗c, BaB∗bB∗c} take the following form,
VBBB∗ =

0 V1(~rab) V1(~rac) V2(~rab) V2(~rac) 0
V1(~rba) 0 V1(~rbc) V ′2(~rba) 0 V2(~rbc)
V1(~rca) V1(~rcb) 0 0 V ′2(~rac) V
′
2(~rbc)
V2(~rba) V ′2(~rab) 0 V3(~rab) V1(~rbc) V1(~rac)
V2(~rca) 0 V ′2(~rca) V1(~rcb) V3(~rac) V1(~rab)
0 V2(~rcb) V ′2(~rcb) V1(~rca) V1(~rba) V3(~rbc)

. (4)
Its graphical illustration is shown in Fig. 2.
FIG. 2: The leading order OPE diagrams for the transitions among the relevant three-body channels, i.e. B∗aBbBc, BaB
∗
bBc, BaBbB
∗
c, B
∗
aB
∗
bBc,
B∗aBbB
∗
c and BaB
∗
bB
∗
c. The solid and bold solid lines represent the B and B
∗ meson fields, respectively. Dotted lines represent pion fields.
III. THE BREAK-UP STATE AND TWO-BODY SUBSYSTEM
For the three bottomed meson system, suppose one of the constituent is infinitely away from the remaining two mesons. The
system can be divided into a two-body subsystem plus a free meson. A bound state solution of the two-body subsystem indicates
a break-up state for the three-body system, i.e. a two-body bound state plus a free meson. In the OPE model, as there is no direct
interaction between two B mesons, one could expect a break-up state with the subsystem BB∗ with quantum number JP = 1+
and a free meson B. We can detach the subsystem BaB∗b first, and explore its binding solution. The Hamiltonian of the subsystem
5in the channel space |BBB〉 := {B∗aBbBc, BaB∗bBc, BaBbB∗c, B∗aB∗bBc, B∗aBbB∗c, BaB∗bB∗c} reads
Hab =

T∗ V1(~rab) 0 V2(~rab) 0 0
V1(~rba) T∗ 0 V ′2(~rba) 0 0
0 0 T 0 0 0
V2(~rba) V ′2(~rab) 0 T∗∗ + V3(~rab) + δM 0 0
0 0 0 0 T∗ + δM V1(~rab)
0 0 0 0 V1(~rba) T∗ + δM

, (5)
where the T∗ = −(1/2µ∗)∇2ab and T∗∗ = −(1/2µ∗∗)∇2ab are the relative kinetic energy for the BB∗ and B∗B∗ in their center-of-mass
frame, respectively, with µ∗ = (MBMB∗ )/(MB + MB∗ ), µ∗∗ = (MB∗ )/2, ∇2ab = (1/rab)(d2/dr2ab)rab − (
−→
Lab2)/(r2ab). Here
−→
Lab is the
angular momentum operator between meson a and b. We also have the mass gap δM = MB∗ − MB. The effective potentials V1,
V2, V ′2 and V3 depend on the isospin of the specific channels, thus we rewrite the BB
∗ wave functions with fixed isospin
|1, 1〉 = |B+B∗+〉,
|1,−1〉 = |B0B∗0〉,
|1, 0〉 = 1√
2
[|B+B∗0〉 + |B0B∗+〉],
|0, 0〉 = 1√
2
[|B+B∗0〉 − |B0B∗+〉].
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B
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(a)
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FIG. 3: The u-channel Feynman diagrams for describing both the BB∗ and B∗B∗ system’s interaction at tree level. The regular and bold lines
stand for the B and the B∗ fields, respectively. The dotted lines denote the pion fields.
For the specific channels B∗aBb, BaB∗b and B
∗
aB
∗
b, the Schro¨dinger equation in the channel space {B∗aBb, BaB∗b, B∗aB∗b} takes the
form  T∗ V1(~rab) V2(~rab)V1(~rba) T∗ V ′2(~rba)
V2(~rba) V ′2(~rab) T∗∗ + V3(~rab) + δM


1√
2
ψ(~rab)
1√
2
ψ(~rab)
ψ′(~rab)
 = Eb

1√
2
ψ(~rab)
1√
2
ψ(~rab)
ψ′(~rab)
 .
Based on this, we can derive the scattering amplitude at the tree level
〈 f |S |i〉 = δ f i + (2pi)4δ4(p f − pi)iM f i = δ f i − 2piδ(E f − Ei)iV f i, (6)
where the T -matrix is the interaction part of the S -matrix and the M is defined as the invariant matrix element. In the second
equation we have applied the first order of Born series expansion on the Lippmann-Schwinger equation with V f i being the
effective potential. The relation between the scattering amplitude M f i and the potential V f i is
V f i = − M f i√∏
f
2p f 0
∏
i
2pi0
≈ − M f i√∏
f
2m f
∏
i
2mi
, (7)
where p f (i) and m f (i) denote the four-momentum and the mass of the final (initial) state.
6In the calculation, p1(E1, ~p) and p2(E2,−~p) denote the four-momenta of the initial state particles in the center-of-mass system
shown in Fig. 3, while p′1(E
′
1,
~p′) and p′2(E
′
2,−~p′) denote the four-momenta of the final state particles, respectively. q = p′1− p1 =
(E′1−E1, ~p′−~p) = (E2−E′2, ~q) is the transferred four-momentum. For convenience, we always use ~q = ~p′1−~p1 and~k = (~p′1+~p1)/2
instead of ~p′ and ~p in the calculations. The effective potential in coordinate space can be derived by Fourier transformation
V(~r) =
1
(2pi)3
∫
d3~q ei~q·~r V(~q F2(~q) .
To take into account in a rough way the substructure of each vertex, a monopole form factor
Fi(q) =
Λ2 − m2pi
Λ2 − q2i
=
Λ2 − m2pi
Λ˜2i + ~q
2
i
, (8)
with mpi the pion mass and
Λ˜(′)2 = Λ2 − (∆M(′))2, (9)
is used to suppress the contribution from UV energies. Here, ∆M = M∗B − MB and ∆M′ = (M∗B − MB)/2. As the parameter Λ
is related to non-perturbative QCD, it cannot be well determined. Here we only explore its effect on the binding energy of the
BB∗ with the quantum number JP = 1+ system. To solve the time-independent Schro¨dinger equation in coordinate space, the
potential V(~q,~k) in momentum space can be transformed in to that in coordinate space as shown in the Appendix.
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FIG. 4: The effective potentials VBB∗→BB∗ (~r) of the BB∗ system with quantum number JP = 1+, where (a) and (b) correspond to the isospin
I = 0 and I = 1 cases, respectively. The Vss and Vdd are the effective potentials for the S-wave and D-wave. The Vsd represents the effective
potential of S-D wave mixing. For illustration, the value 1440 MeV is used for the parameter Λ.
The isosinglet and isotriplet BB∗ potentials VBB∗→BB∗ (~r) in coordinate space are shown in Fig. 4 (a) and (b), respectively, with
Λ = 1440 MeV. The isosinglet potential VBB∗→BB∗ (~r) is repulsive which does not indicate a bound solution. Nevertheless, the
potential VBB∗→B∗B∗ (~r) for the isosinglet is attractive as shown in Fig. 5. So there is still the possibility of a binding solution. On
the contrary, the isotriplet potential VBB∗→BB∗ (~r) is attractive, while its potential VBB∗→B∗B∗ (~r) is repulsive. These potentials in
coordinate space can be expressed as
VBB∗→BB∗ (~r) = −Cpi(i, j) g
2
12pi f 2pi
{~ · ~†[ m˜2piΛ˜Y(Λ˜r) − m˜3piY(m˜pir)
+ (Λ2 − m2pi)Λ˜
e−Λ˜r
2
] + S T (~
†
3 , ~2)[−m˜3piZ(m˜pir) + Λ˜3Z(Λ˜r)
+ (Λ2 − m2pi)(1 + Λ˜r)
Λ˜
2
Y(Λ˜r) ]}, (10)
VBB∗→B∗B∗ (~r) = Cpi(i, j)
g2
12pi f 2pi
{(~3 · i~†4 × ~2)[ m˜′2piΛ˜′Y(Λ˜′r) − m˜′3piY(m˜′pir)
+ (Λ2 − m2pi)Λ˜′
e−Λ˜′r
2
] + S T (~3, i~
†
4 × ~2)[−m˜′3piZ(m˜′pir) + Λ˜′
3Z(Λ˜′r)
+ (Λ2 − m2pi)(1 + Λ˜′r)
Λ˜′
2
Y(Λ˜′r) ]}, (11)
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FIG. 5: The effective potentials for the S-wave of the BB∗ system with quantum number JP = 1+, where (a) and (b) correspond to the isospin
I = 0 and I = 1 cases, respectively. The V1ss, V2ss and V3ss are the effective potentials VBB∗→BB∗ (~r), VBB∗→B∗B∗ (~r) and VB∗B∗→B∗B∗ (~r) for the
S-wave respectively. For illustration, the value 1440 MeV is used for the parameter Λ.
VB∗B∗→B∗B∗ (~r) = Cpi(i, j)
g2
12pi f 2pi
{(i~†3 × ~1 · i~†4 × ~2)[ m2piΛY(Λr) − m3piY(mpir)
+ (Λ2 − m2pi)Λ
e−Λr
2
] + S T (i~
†
3 × ~1, i~†4 × ~2)[−m3piZ(mpir) + Λ3Z(Λr)
+ (Λ2 − m2pi)(1 + Λr)
Λ
2
Y(Λr) ]}, (12)
with m˜(′)2pi = m2pi − ∆M(′)2. The tensor operator Sˆ T has the form Sˆ T = 3(~r · ~ˆb)(~r · ~ˆ†a ) − ~ˆb · ~ˆ†a with  the polarization vector
of B∗. The Cpi(i, j) are channel dependent coefficients, summarized in Table II. The c in Table II represents the C-parity of the
corresponding channel.
TABLE II: Channel dependent coefficients. Here, c denotes the C-parity of the two-body system.
channel isospin C(i, j) channel C(i, j)
BB∗ I = 1 1/2 B
+B∗+ 1/2
I = 0 −3/2 B+B∗0 −1/2
BB¯∗ I = 1 c/2 B
0B∗+ −1/2
I = 0 −3c/2 B0B∗0 1/2
Since the tensor operator Sˆ T leads to S-D wave mixing, the contributions from D-wave should be taken into account. Thus
the wave function Ψ(~r) has two parts
Ψ(~r) = ψS (~r) + ψD(~r), (13)
with ψS (~r) and ψD(~r) the S -wave and D-wave functions, respectively. In the matrix method, we use Laguerre polynomials
χnl(r) =
√
(2λ)2l+3n!
Γ(2l + 3 + n)
rle−λrL2l+2n (2λr), n = 1, 2, 3... (14)
as a set of orthogonal basis with the normalization condition∫ ∞
0
χim(r)χin(r)r2dr = δi jδmn. (15)
8Thus the total wave function can be expanded as
ψ(~r) =
n−1∑
i=0
aiχi0(r)φS +
n−1∑
p=0
bpχp2(r)φD,
ψ′(~r) =
n−1∑
i=0
a′iχi0(r)φS +
n−1∑
p=0
b′pχp2(r)φD.
where φS and φD are the angular part of the spin and orbital wave function for the S -wave (3S 1) and D-wave (3D1) states,
respectively. a(′)i and b
(′)
i are the corresponding expansion coefficients of S-wave and D-wave, respectively. After solving the
coupled-channel Schro¨dinger equation with the S-D wave mixing, we obtain the binding energy Eb and its corresponding wave
function Ψ(Λ,~rab) for a given parameter Λ. Thus the wave function has the form
Ψ(Λ,~rab) =
1√
2
ψ(Λ,~rab)|BaB∗b〉 +
1√
2
ψ(Λ,~rab)|B∗aBb〉 + ψ′(Λ,~rab)|B∗B∗〉. (16)
Here, the wave function Ψ(Λ,~rab) is normalized. If we choose the value of the parameter Λ = 1440 MeV for instance, one finds
a loosely bound state for the isospin triplet system with a binding energy of 5.08 MeV, when the quantum number is JP = 1+.
There is also a loosely bound state for the isospin singlet system, when the quantum number is JP = 1+. If the value of the
parameter is chosen at Λ = 1107.7 MeV, the isospin singlet and triplet systems have the same binding energy of 5.08 MeV. The
dependence of the binding energy on the parameter Λ will be given in Tables IV-V and discussed in Sec. VII.
IV. BORN-OPPENHEIMER POTENTIAL
As discussed in Sec. II, the BO potential reflects the influence of one of the mesons on the dynamics of the other two. For the
BBB∗ (labeled as a, b and c) system, one can derive the BO potential from a for the bc system. The procedure is divided into the
following three steps:
• Considering that the particle b and c are static with the separation rbc, one can separate the degree of freedom of a from
the three-body system.
• We assume the distance rbc is a parameter. The mesons b and c are static, and have one-pion interactions with meson a,
which can be viewed as two static sources.
• We explore the dynamics for the meson a in the limit rbc → ∞, and subtract the binding energy for the break-up state
which is trivial for the three-body bound state.
Within this scheme, we divide the motion of the system into two parts, one is the motion of the meson a relative to the mesons b
and c. The other one is the relative motion between mesons b and c in the presence of the BO potential from a.
π ���π
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FIG. 6: Illustration of the BO potential. (a) illustrates the calculation procedure of the BO potential. (b) represents the role of the BO potential
from the meson a on the dynamics of the bc two-body system.
As illustrated in Figs. 6, we use ~rbc to denote the relative displacement between b and c. Further, ~rab and ~rac represent the
displacement of the meson a relative to the meson b and c, respectively. One can separate the effective potentials for the meson
9a
Va =

0 V1(~rab) V1(~rac) V2(~rab) V2(~rac) 0
V1(~rba) 0 0 V ′2(~rba) 0 0
V1(~rca) 0 0 0 V ′2(~rac) 0
V2(~rba) V ′2(~rab) 0 V3(~rab) 0 V1(~rac)
V2(~rca) 0 V ′2(~rca) 0 V3(~rac) V1(~rab)
0 0 0 V1(~rca) V1(~rba) 0

. (17)
from the Eq. (4). The remaining part
Vbc =

0 0 0 0 0 0
0 0 V1(~rbc) 0 0 V2(~rbc)
0 V1(~rcb) 0 0 0 V ′2(~rbc)
0 0 0 0 V1(~rbc) 0
0 0 0 V1(~rcb) 0 0
0 V2(~rcb) V ′2(~rcb) 0 0 V3(~rbc)

(18)
in Eq. (4) is the potential between bc. As discussed in the previous section, one can obtain the two-body binding energy
E2 =
(
1√
2
ψ(~rab),
1√
2
ψ(~rab), ψ′(~rab)
)  T∗ V1(~rab) V2(~rab)V1(~rba) T∗ V ′2(~rba)
V2(~rba) V ′2(~rab) T∗∗ + V3(~rab)


1√
2
ψ(~rab)
1√
2
ψ(~rab)
ψ′(~rab)

= ψ(~rab)T∗ψ(~rab) + ψ′(~rab)T∗∗ψ′(~rab) + ψ(~rab)Vab1 ψ(~rab) + 2
√
2ψ(~rab)Vab2 ψ
′(~rab) + ψ′(~rab)Vab3 ψ
′(~rab). (19)
The ψ(~rab) and ψ′(~rab) in the above equation are the eigenstate wave functions in Eq. (16).
In OPE model, as the virtual pion can only be exchanged between two of the BBB∗ subsystems, the wave function of a can
be either 1√
2
ψ(~rab)|B∗aBbBc〉+ 1√2ψ(~rab)|BaB∗bBc〉+ψ′(~rab)|B∗aB∗bBc〉 with pion exchanged between a and b or 1√2ψ(~rac)|B∗aBbBc〉+
1√
2
ψ(~rac)|BaBbB∗c〉 + ψ′(~rac)|B∗aBbB∗c〉 with pion exchanged between a and c. The final wave function for the meson a should be
the superposition of these two components
ψ(~rab,~rac) = C
{
[
1√
2
ψ(~rab) +
1√
2
ψ(~rac)]|B∗aBbBc〉 +
1√
2
ψ(~rab)|BaB∗bBc〉
+
1√
2
ψ(~rac)|BaBbB∗c〉 + ψ′(~rab)|B∗aB∗bBc〉 + ψ′(~rac)|B∗aBbB∗c〉
}
. (20)
For simplicity, we neglect the mass difference for the BB∗ and B∗B∗ in the kinetic operator, i.e. T∗∗ ≈ T∗. Then the Hamiltonian
of the meson a is
Ha ≈

T∗ V1(~rab) V1(~rac) V2(~rab) V2(~rac) 0
V1(~rba) T 0 V ′2(~rba) 0 0
V1(~rca) 0 T 0 V ′2(~rac) 0
V2(~rba) V ′2(~rab) 0 T∗ + V3(~rab) 0 V1(~rac)
V2(~rca) 0 V ′2(~rca) 0 T∗ + V3(~rac) V1(~rab)
0 0 0 V1(~rca) V1(~rba) T∗

. (21)
Accordingly, one can obtain the energy eigenvalue of the meson a
Ea(Λ, ~rbc) = 〈ψ(~rab,~rac)|Ha|ψ(~rab,~rac)〉
=
1
1 + 12 〈ψ(~rab)|ψ(~rac)〉
[
E2 +
1
2
〈ψ(~rab)|T∗|ψ(~rac)〉 + 〈ψ(~rab)|Vba1 |ψ(~rac)〉 +
√
2〈ψ′(~rab)|Vba2 |ψ(~rac)〉
]
where in the second step Eq. (19) and the symmetry between b and c are used. Since both the two-body energy eigenvalue E2
and the wave functions ψb, ψc depend on the parameter Λ, Ea is also a function of Λ.
We take the parameter Λ = 1440 MeV as an example and plot Ea for the isospin triplet of the BB∗ system in Figs. 7(a). As
shown in the figure, the energy of the meson a has a minimum −17.65 MeV when rbc = 0, which corresponds to the limit that
the mesons b and c are on top of each other and the system is reduced to the bc-a quasi-two-body system. When rbc → ∞, then
Ea tends to the two-body energy eigenvalue E2, i.e.−5.08 MeV. This corresponds to the situation that the meson b is infinitely far
away from the meson c. Then the meson a can only form a two-body bound state with either b or c. It is not a three-body bound
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FIG. 7: The energy eigenvalue of the meson a and its corresponding BO potential for the isospin triplet of the BB∗ system. (a) gives the energy
eigenvalue of the meson a. When rbc → ∞, Ea tends to the two-body energy eigenvalue E2 = EBB∗I=1 , i.e. the energy eigenvalue of the break-up
state. The right panel gives the BO potential VBO. Here we chose the parameter Λ = 1440 MeV.
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FIG. 8: The energy eigenvalue of the meson a and its corrsponding BO potential for the isospin singlet of the BB∗ system. (a) is the energy
eigenvalue of the meson a. When rbc → ∞, Ea tends to the two-body energy eigenvalue E2 = EBB∗I=0 , i.e. the energy eigenvalue of the break-up
state. The right panel gives the BO potential VBO. Here we chose the parameter Λ = 1107.7 MeV.
state anymore, but rather a two-body bound state plus a free meson state. In fact, this is nothing but the break-up state that we
have discussed in the earlier sections. We also plot Ea for the isospin triplet of the BB∗ system in Fig. 8(a), taking the parameter
Λ = 1107.7 MeV. Similarly to the above, Ea tends to the two-body energy eigenvalue −5.08 MeV. Therefore, we should subtract
the limiting value E2 when investigating the three-body bound state for the BBB∗ system. We define the BO potential as
VBO(Λ, ~rbc) = Ea(Λ, ~rbc) − E2(Λ). (22)
In other words, the BO potential between b and c is the energy eigenvalue of the meson a relative to that of the break-up state.
V. THE CONFIGURATIONS OF THE THREE-BODY SYSTEMS
In the OPE model, there is only one pion exchanged between any two constituents in the BBB∗ system. The constituents will
change themselves from vector mesons into pseudo-scalar mesons or vice verse when they exchange one pion. Each constituent
has the same probability to be a vector meson or a pseudo-scalar meson. Thus, the symbol ∗ is shared among them. Since only
one virtual pion occurs in the BBB∗ molecule, the virtual pion also be shared by the three mesons. We can thus write the BBB∗
as B(∗)a B
(∗)
b B
(∗)
c .
The BO potential can describe the contribution for the one meson on the dynamics of the two remaining mesons as we have
discussed in the last section. Assuming that the meson b and c are much heavier than the meson a, then we can use the Born-
Oppenheimer approximation to separate the degree of freedom of a from the three-body system. In other words, it is a kind of
11
an adiabatic approximation that we divide the degrees of freedom of the three-body system into a light one and a heavy one.
The motion of the light degree of freedom is the motion of meson a relative to the three-body centre of mass. The motion of the
heavy degree of freedom is the relative motion between meson b and c. When exploring the dynamics for the meson a, we can
assume the meson b and c are static with the distance rbc. Then the three-body system can be simplified as a two-body system
consisting of mesons b and c but with an additional BO potential generated by the meson a. Overall, only the meson a can be
separated from the system due to the fact that this meson is much lighter than the other ones. A separation in this way can be a
good approximation for this system. With the same procedure that we derived Eq. (20), we obtain the wave functions ψ( ~rab, ~rac)
for the meson a. The remaining degree of freedom is the relative motion between meson b and c that can be described by a wave
function assumed as Φ( ~rbe), to be determined from the Schro¨dinger equation. Then the total wave function of the system then
has the form
ΨT = Φ(~rbc)ψ(~rab,~rac).
Nevertheless, the true system B(∗)a B
(∗)
b B
(∗)
c is that the three mesons have little mass difference. Every meson can be considered to
be a lighter one and separated from the three-body system. Thus, the system has the three basic simplification schemes. That
is we can divide the system B(∗)a B
(∗)
b B
(∗)
c into three kinds of two-body subsystems, i.e., B
(∗)
a B
(∗)
b with the BO potential created by
the meson c, B(∗)b B
(∗)
c with the BO potential created by the meson a and B
(∗)
a B
(∗)
c with the BO potential created by the meson b
as shown in Figs. 9. These three simplification schemes can be regarded as three kinds of basic configurations. The eigenstates
of the three-body system should be combinations of them. As the most simplest combination, one might expect the three-
body eigenstate should be the superposition of the three kinds of basic configurations. We use the ψ/a, ψ/b, ψ/c to denote these
three configurations. The configuration wave function ψ/a represent the configuration that we omit the meson B
(∗)
a and add the
corresponding BO potential instead. Similarly, ψ/b, ψ/c denote the configurations with the BO potentials provided by the mesons
B(∗)b and B
(∗)
c , respectively.
VBO( rbc)�(*) �(*)���
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FIG. 9: Three configurations of the BBB∗ system. (a), (b) and (c) correspond to the wave functions ψ/a, ψ/b and ψ/c, respectively.
Taking the configuration function ψ/a as an example, we separate the motion of the B
(∗)
a relative to the other mesons B
(∗)
b and
B(∗)c where their relative displacement rbc is regarded as a parameter as shown in Fig. 9(a). The wave function of the B
(∗)
a has been
discussed in the last section and can be written as ψ(~rab,~rac). The remaining degree of freedom is the relative motion between
B(∗)b and B
(∗)
c , which can be taken as Φ(~rbc). Thus we have the configuration function ψ/a = Φ(~rbc)ψ(~rab, ~rac). The other two
wave functions ψ/b and ψ/c can be obtained analogously, i.e. ψ/b = Φ(~rac)ψ(~rab, ~rbc), ψ/c = Φ(~rab)ψ(~rbc, ~rac) which correspond
to the Fig. 9(b) and Fig. 9(c), respectively. If we regard the three configuration functions as a set of basis states, then the basis
constitute a configuration space {ψ/a, ψ/b, ψ/c}. The three-body eigenstate expressed as a superposition of the three kinds of
basic configurations can be described as a state vector in this configuration space. Thus, as an interpolating wave function, the
three-body wave functions can be written as
ΨT = αΦ(~rbc)ψ(~rab, ~rac) + βΦ(~rac)ψ(~rab, ~rbc) + γΦ(~rab)ψ(~rbc, ~rac)
= αψ/a + βψ/b + γψ/c =
 αβ
γ
 , (23)
where the Φ(~rbc), Φ(~rac) and Φ(~rab) are undetermined functions that need to be solved. The α, β and γ are the ex-
pansion coefficients. According to Eq. (20), we rewrite the three basic configuration functions in the channel space
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{B∗aBbBc, BaB∗bBc, BaBbB∗c, B∗aB∗bBc, B∗aBbB∗c, BaB∗bB∗c} as
ψ/a = CΦ(~rbc)

1√
2
[ψ(~rab) + ψ(~rac)]
1√
2
ψ(~rab)
1√
2
ψ(~rac)
ψ′(~rab)
ψ′(~rac)
0

, ψ/b = CΦ(~rac)

1√
2
ψ(~rab)
1√
2
[ψ(~rab) + ψ(~rbc)]
1√
2
ψ(~rbc)
ψ′(~rab)
0
ψ′(~rbc)

, ψ/c = CΦ(~rab)

1√
2
ψ(~rac)
1√
2
ψ(~rbc)
1√
2
[ψ(~rbc) + ψ(~rac)]
0
ψ′(~rac)
ψ′(~rbc)

, (24)
which can be expanded as a set of Laguerre polynomials
ψ/a =
∑
i
φi(~rbc)ψ(~rab, ~rac),
ψ/b =
∑
i
φi(~rac)ψ(~rab, ~rbc),
ψ/c =
∑
i
φi(~rab)ψ(~rbc, ~rac).
Here the subscript i is the order of Laguerre polynomials. We define the ith order of the configuration functions as ψi/a =
φi(~rbc)ψ(~rab, ~rac), ψi/b = φi(~rac)ψ(~rab, ~rbc) and ψ
i
/c = φi(~rab)ψ(~rbc, ~rac). Further, C is a normalisation constant.
We expect the three-body bound state that we seek for can be expressed as a state vector in the configuration space {ψ/a, ψ/b, ψ/c}.
However, the configuration functions in Eq. (23) are not an orthogonal basis. Thus we orthonormalize the {ψ/a, ψ/b, ψ/c} into a new
basis {ψ˜/a, ψ˜/b, ψ˜/c}. We use ψ˜i/a, ψ˜i/b and ψ˜i/c to denote the ithth order of the new configuration functions ψ˜/a, ψ˜/b and ψ˜/c, respectively.
Then we have
ψ˜i/a =
1
Ni
[
(ψi/a + ψ
i
/b + ψ
i
/c) −
∑
i
xi jψ
j
/a
]
,
ψ˜i/b =
1
Ni
[
(ψi/a + ψ
i
/b + ψ
i
/c) −
∑
i
xi jψ
j
/b
]
,
ψ˜i/c =
1
Ni
[
(ψi/a + ψ
i
/b + ψ
i
/c) −
∑
i
xi jψ
j
/c
]
,
where the xi j is a parameter matrix which will be determined later. The Ni are normalization coefficients. The parameter matrix
xi j in the three configuration functions are the same due to the interchange symmetry for the B
(∗)
a B
(∗)
b B
(∗)
c system.
Since the ith order configuration function ψ˜i/a should be orthogonal with the any order of the other configuration function ψ˜
j
/a,
one can gets the orthogonalization condition
〈ψ˜i/a|ψ˜ j/b〉 =
〈 1
Ni
[
(ψi/a + ψ
i
/b + ψ
i
/c) −
∑
i
xikψk/a
]∣∣∣∣ 1N j [(ψ j/a + ψ j/b + ψ j/c) −
∑
i
x jlψl/b
]〉
= 0,
which gives
xik〈ψk/a|ψl/b〉xl j − xik(δk j + 2〈ψk/a|ψ j/b〉) − x jl(δil + 2〈ψi/a|ψl/b〉) + 3δi j + 6〈ψi/a|ψ j/b〉 = 0 . (25)
This equation will determine the parameter matrix xi j. Considering the normalization of the ith order configuration function ψ˜i/a
〈ψ˜i/a|ψ˜ j/a〉 =
〈 1
Ni
[
(ψi/a + ψ
i
/b + ψ
i
/c) −
∑
i
xikψk/a
]∣∣∣∣ 1N j [(ψ j/a + ψ j/b + ψ j/c) −
∑
i
x jlψl/a
]〉
= δi j.
one can obtain the normalization equation for the Ni as
1
N∗i N j
[
3δi j + 6〈ψi/a|ψ j/b〉 − 2xi j − 4
∑
m
xim〈ψm/a |ψ j/b〉 +
∑
n
xinxn j
]
= δi j . (26)
After solving the equations for xi j and Ni, we obtain an orthonormalized configuration basis. This basis constitutes a orthonor-
malized configuration space. Then the eigenvector for the three-body system B(∗)a B
(∗)
b B
(∗)
c can be written as a vector in the
configuration space {ψ˜/a, ψ˜/b, ψ˜/c}. Therefore, we have
ΨT =
∑
i
α˜iψ˜
i
/a +
∑
j
β˜ jψ˜
j
/b +
∑
k
γ˜kψ˜
k
/c,
where the α˜i, β˜i and γ˜i are the ith order expansion coefficients.
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VI. THREE-BODY SCHRO¨DINGER EQUATION
As we have discussed in previous sections, if the three-body binding energy is below the break-up threshold, the three-body
system will disintegrate into a two-body system and a free meson. Since we only focus on the three-body bound state, we could
make an energy shift and remove the energy eigenvalue E2 for the break-up state and define a reduced Hamiltonian for the
three-body system as
H = H − E2.
The explicit form of H is
H =

T∗ + T ′∗ V1(~rab) V1(~rac) V2(~rab) V2(~rac) 0
V1(~rba) T∗ + T ′∗ V1(~rbc) V ′2(~rba) 0 V2(~rbc)
V1(~rca) V1(~rcb) T + T ′ 0 V ′2(~rac) V
′
2(~rbc)
V2(~rba) V ′2(~rab) 0 T∗∗ + T
′∗∗ + V3(~rab) + δM V1(~rbc) V1(~rac)
V2(~rca) 0 V ′2(~rca) V1(~rcb) T∗ + T
′∗ + V3(~rac) + δM V1(~rab)
0 V2(~rcb) V ′2(~rcb) V1(~rca) V1(~rba) T∗ + T
′∗ + V3(~rbc) + δM

, (27)
where T∗ = −(1/2µ∗)∇2ab, T = −(1/2µ)∇2ab, T∗∗ = −(1/2µ∗∗)∇2ab, T ′∗ = −(1/2µ′∗)∇2ξ , T ′ = −(1/2µ′)∇2ξ , T ′∗∗ = −(1/2µ′∗∗)∇2ξ
are the kinetic energy operators and the corresponding reduced masses are µ∗ = (MBMB∗ )/(MB + MB∗ ), µ = MB/2, µ∗∗ =
MB∗/2, µ′∗ = ((MB + MB∗ )MB)/(2MB + MB∗ ), µ′ = (2MBMB∗ )/(2MB + MB∗ ), µ′∗∗ = (2MB∗MB)/(2MB∗ + MB). Here ∇2ab =
(1/rab)(d2/dr2ab)rab − (
−→
L 2ab/r
2
ab) and ∇2ξ = (1/ξ)(d2/dξ2)ξ − (
−→
L 2ξ/ξ
2) with ~ξ = ~rab/2 − ~rbc. ~rbc is the direction of the meson b
relative to the meson c.
−→
L ab is the angular momentum operator between mesons a and b.
−→
L ξ is the relative angular momentum
operator between two-body centre of mass for the meson a b and the meson c. The mass gap is δM = MB∗ − MB.
The total Hamiltonian for the three-body system in the configuration space {ψ˜/a, ψ˜/b, ψ˜/c} can be written as
HT =
 H/a/a H/a/b H/a/cH/b/a H/b/b H/b/c
H/c/a H/c/b H/c/c
 =
 H/a/a + E2 H/a/b + E2 H/a/c + E2H/b/a + E2 H/b/b + E2 H/b/c + E2H/c/a + E2 H/c/b + E2 H/c/c + E2
 =
 H/a/a H/a/b H/a/cH/b/a H/b/b H/b/cH/c/a H/c/b H/c/c
 + E2
 1 0 00 1 0
0 0 1
 , (28)
with H /m/n = 〈ψ˜ /m|H|ψ˜ /m〉 (m, n = a, b, c).
The total reduced Hamiltonian for the three-body system B(∗)a B
(∗)
b B
(∗)
c in the configuration space {ψ˜/a, ψ˜/b, ψ˜/c} can be expressed
as
HT =
 H/a/a H/a/b H/a/cH/b/a H/b/b H/b/cH/c/a H/c/b H/c/c
 , (29)
withH /m/n = 〈ψ˜ /m|H|ψ˜ /m〉 (m, n = a, b, c). Thus we have
HT = HT + E2.
The matrix element of theH/a/a can be written as
H i j
/a/a = 〈ψ˜i/a|H|ψ˜ j/a〉 =
〈 1
Ni
[
(ψi/a + ψ
i
/b + ψ
i
/c) −
∑
i
ximψm/a
]∣∣∣∣H ∣∣∣∣ 1N j [(ψ j/a + ψ j/b + ψ j/c) −
∑
i
x jnψn/a
]〉
= 3
1
NiN j
〈ψi/a|H|ψ j/a〉 + 6
1
NiN j
〈ψi/b|H|ψ j/a〉 − xim
1
NiN j
〈ψm/a |H|ψ j/a〉 − x jn
1
NiN j
〈ψi/a|H|ψn/a〉
− 2xim 1NiN j 〈ψ
m
/b |H|ψ j/a〉 − 2x jn
1
NiN j
〈ψi/b|H|ψn/a〉 + ximx jn
1
NiN j
〈ψm/a |H|ψn/a〉. (30)
where, in the last step, the interchange symmetry in the B(∗)a B
(∗)
b B
(∗)
c system is used. Similarly, we also have
H i j
/b/a
= 〈ψ˜i/b|H|ψ˜ j/a〉 =
〈 1
Ni
[
(ψi/a + ψ
i
/b + ψ
i
/c) −
∑
i
ximψm/b
]∣∣∣∣H ∣∣∣∣ 1N j [(ψ j/a + ψ j/b + ψ j/c) −
∑
i
x jnψn/a
]〉
= 3
1
NiN j
〈ψi/a|H|ψ j/a〉 + 6
1
NiN j
〈ψi/b|H|ψ j/a〉 − xim
1
NiN j
〈ψm/a |H|ψ j/a〉 − x jn
1
NiN j
〈ψi/a|H|ψn/a〉
− 2xim 1NiN j 〈ψ
m
/b |H|ψ j/a〉 − 2x jn
1
NiN j
〈ψi/b|H|ψn/a〉 + ximx jn
1
NiN j
〈ψm/b |H|ψn/a〉. (31)
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There are two independent matrices
〈ψi/a|H|ψ j/a〉 = |C|2
∫
d~rbc
{
(〈ψab|ψab〉 + 〈ψab|ψac〉)[φibc(T ′ + VbcBO)φ jbc] + (1 + 〈ψ′ab|ψ′ab〉)[φibc(T ′∗ + VbcBO)φ jbc]
+ (〈ψab|ψac〉 + 2〈ψ′ab|ψ′ac〉)[φibcVbc1 φ jbc]
}
.
〈ψi/b|H|ψ j/a〉 = |C|2
∫
d~rbc
{1
2
〈φiacψab|T ′ + VbcBO|φ jbc(ψab + ψac)〉 +
1
2
〈φiac(ψab + ψbc)|T ′∗ + VbcBO|φ jbcψab〉
+
1
2
〈φiacψbc|T ′∗ + VbcBO|φ jbcψac〉 + 〈φiacψ′ab|T ′∗ + VbcBO|φ jbcψ′ab〉
+
1
2
〈φiacψbc|Vcb1 |φ jbcψab〉 +
1√
2
〈φiacψ′bc|Vcb2 |φ jbcψab〉 + 〈φiacψ′ab|Vcb1 |φ jbcψ′ac〉
+
1
2
〈φiac(ψab + ψbc)|Vbc1 |φ jbcψac〉 +
1√
2
〈φiacψ′bc|Vcb2 |φ jbcψac〉
}
,
to be determined, where we have used the abbreviations φiab, φ
i
bc, φ
i
ac, ψab, ψbc, ψac for φ(~rab)
i, φ(~rbc)i, φ(~rac)i, ψ(~rab), ψ(~rbc),
ψ(~rac) respectively. The expression for the H/c/a can be easily obtained by the replacement c → b, b → c on the expression
for the H/b/a. Similarly, the expression for the H/c/b is obtained by the replacement c → b, b → a, a → c on the expression
for the H/b/a. In fact, interchange invariance for the B(∗)a B(∗)b B(∗)c system can simplify the calculation, i.e. H/c/a = H/c/b = H/b/a andH/a/a = H/b/b = H/c/c.
Based on the above discussion, the three-body Schro¨dinger equation can finally be written as H/a/a H/a/b H/a/cH/b/a H/b/b H/b/cH/c/a H/c/b H/c/c

 α˜β˜
γ˜
 = E3
 α˜β˜
γ˜
 , (32)
where the energy eigenvalue E3 is the reduced three-body energy eigenvalue. The total energy eigenvalue relative to the BBB∗
mass threshold is ET = E3 +E2. Solving the three-body Schro¨dinger equation may partly answer whether the three-body system
has a loosely bound state or not.
VII. APPLICATION TO THE NNN SYSTEM
In order to verify the feasibility of the Born-Oppenheimer potential method for the three heavy system, we apply it to the
three nucleon system. Since there is sufficient experimental data for this system, we can apply the formalism introduced above
to investigate its binding energy and illustrate the feasibility of our formalism. As we know, the triton and the helium-3 (3He)
nucleus are the two possible bound states of the NNN system, both of them have the quantum numbers I(JP) = 12 (
1
2
+) but have
different isospin on its z direction. They have the same structure and the binding energy if isospin symmetry breaking effect is
neglected. The calculation on the three-nucleon system is much more straightforward than the BBB∗ system, as there are no
other coupled channels. For simplicity, we only write down the isospin wave functions of the triton and helium-3 nuclei, which
are ∣∣∣∣∣0, 12 , 12
〉
=
1√
2
[|(pn)p〉 − |(np)p〉],∣∣∣∣∣0, 12 ,−12
〉
=
1√
2
[|(pn)n〉 − |(np)n〉].
The Lagrangian reads
LN = gN N¯iγ5~τN · ~pi,
where the gN = 14.70 is the coupling constants (we use here the pseudoscalar coupling, which is fine to the order we are
working, see e.g. Ref. [70]). N = (ψp, ψn) is the nucleon doublet. Further, ~τ = {τ1, τ2, τ3} are the Pauli matrices, and ~pi =
{ 1√
2
(pi+ +pi−), i√
2
(pi+ +pi−), pi0} are the pi fields. With a procedure similar to the one discussed in the Sec. II-VI, we can investigate
the properties of the break-up state formed by a deuteron and a free nucleon as well as the three-body bound states. As discussed
in the above sections, there is only one free parameter Λ in the monopole form factor introduced in Sec. III, which reflects, in
a rough way, the internal structure of the interacting hadrons. In other words, the size of hadron is proportional to 1/Λ, which
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is still unknown from the fundamental theory. Thus the parameter Λ = 899.60 MeV is fixed by the binding energy E2 = 2.23
MeV of deuteron in our calculations. With the so determined parameter Λ, we can obtain the BO potentials for the NNN system
using the formalism in the Sec. II-VI, with just the replacement of the effective potential VBB∗ by VNN in the calculations. This
potential reads
VNN→NN(~r) = −CNNpi (i, j)
g2N
12M2N
{~σ1 · ~σ2[ m˜2piΛ˜Y(Λ˜r) − m˜3piY(m˜pir)
+ (Λ2 − m2pi)Λ˜
e−Λ˜r
2
] + S T (~σ1, ~σ2)[−m˜3piZ(m˜pir) + Λ˜3Z(Λ˜r)
+ (Λ2 − m2pi)(1 + Λ˜r)
Λ˜
2
Y(Λ˜r) ]},
where the CNNpi (i, j) is the channel-dependent coefficient for the two-nucleon system, MN is the mass of nucleon, gN is the pion-
nucleon coupling constant, and σ1 and σ2 are the spin Pauli matrix for the nucleon 1 and 2 in the scattering process 1+2→ 3+4.
TABLE III: Bound state solutions of the NNN system with isospin I3 = 1/2. E2 is the energy eigenvalue of its subsystem. E3 is the reduced
three-body energy eigenvalue relative to the break-up state of the NNN system. ET is the total three-body energy eigenvalue relative to the
NNN threshold. VBO(0) is the minimum of the BO potential. rrms represents the root-mean-square radius of any two N in the NNN system.
The S -wave and D-wave represent the probabilities for S -wave and D-wave components in any two N in the NNN system.
Λ(MeV) E2(MeV) E3(MeV) ET (MeV) VBO(0)(MeV) S wave(%) D wave(%) rrms(fm)
830.00 -0.18 -1.93 -2.11 -4.54 94.01 5.99 4.21
850.00 -0.67 -2.71 -3.38 -5.36 93.36 6.64 4.00
870.00 -1.23 -3.65 -4.88 -6.32 92.68 7.32 3.78
890.00 -1.88 -4.77 -6.66 -7.42 91.99 8.01 3.54
899.60 -2.23 -5.38 -7.62 -8.00 91.66 8.34 3.42
900.00 -2.25 -5.41 -7.66 -8.03 91.64 8.36 3.42
920.00 -3.05 -6.85 -9.90 -9.35 90.97 9.03 3.18
940.00 -3.98 -8.51 -12.49 -10.83 90.35 9.65 2.95
960.00 -5.03 -10.42 -15.45 -12.46 89.76 10.24 2.74
980.00 -6.21 -12.57 -18.78 -14.23 89.23 10.77 2.54
1000.00 -7.55 -14.97 -22.51 -16.14 88.73 11.27 2.37
1020.00 -9.04 -17.61 -26.65 -18.19 88.27 11.73 2.23
1040.00 -10.69 -20.51 -31.20 -20.37 87.84 12.16 2.10
After solving the three-body Schro¨dinger equation, i.e.Eq. (32), one can obtain the dependence of the binding of the three-
nucleon system on the parameter Λ (Table III). As shown in the table, there is a three-body bound state with the reduced binding
energy and the total three-body bound energy in the range of 1.93-20.51 MeV and 2.11-31.20 MeV, respectively, when the
parameter Λ varies from 830 MeV to 1040 MeV. The corresponding isospin singlet two-body subsystem NN has the binding
enrgy in the range of 0.18-10.69 MeV. The root-mean-square of the system decreases from 4.21 fm to 2.10 fm when the
parameter increases. Once the parameter Λ = 899.60 MeV fixed by the deuteron binding energy, the reduced three-body binding
energy and the total binding energy relative to the three free nucleons are 5.38 MeV and 7.62 MeV, respectively. The later is
comparable with the empirical binding energies of the triton (8.48 MeV) and helium-3 (7.80 MeV) nuclei. Noet again that there
is no numerical difference between the binding energies of triton and helium-3 in the calculation, as the isospin breaking has not
be considered.
For a better illustration of the binding property, we plot the dependence of the reduced three-body binding energy on the two-
body binding energy of its deuteron subsystem. As shown in Fig. 10, the binding energy of the three-nucleon system becomes
larger when the binding energy of its subsystem NN increases. There are two red points in the figure, the left red point is the
critical point which indicates the lower limit of the required binding energy of the deuteron to form a three-body bound state. It is
very interesting that even though the binding energy of its subsystem is zero, there is a small binding energy of the three-nucleon
system, which is 1.71 MeV. This is reminsicent of a Borromean state, where a three-body system may have a bound state despite
the fact that none of its subsystems forms a bound state. The other red point is our numerical result of the binding energy of
triton or helium-3. It is a little below the experimental values since in our calculations we use the BOP method to construct our
interpolating wave functions, which can be regarded as a version of the variational principle. As we know, this always give an
upper limit of the energy of a system.
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FIG. 10: Dependence of the reduced three-body binding energy on the binding energy of its two-body subsystem (the deuteron). The left red
point is the critical point which indicates the lower limit of the required binding energy of the deuteron to form a three-body bound state. The
right one is our numerical result of the binding energy of the triton or the helium-3 nucleus.
VIII. NUMERICAL RESULTS ON THE BBB∗ SYSTEM
The application of the BOP method to the three-nucleon system has verified its feasibility to some extent. Now we return
to the system mainly discussed in this paper, i.e. the three B mesons system BBB∗. There is only one free parameter Λ in the
monopole form factor which is undetermined in our calculations. For the deuteron case, the parameter Λ is within the range
0.8 ∼ 1.5 GeV. One would expect that the size of heavier bottom system is smaller than the size of deuteron, leading to a larger
Λ. Thus, we vary the parameter Λ from 0.9 GeV to 1.6 GeV to study whether the BBB∗ system is bound or not.
In order to show the properties of the two-body interactions for the BB∗, we first present the numerical results for the break-up
state in Tables IV-V. We plot the effective potentials for the BB∗ in Fig. 4 and Fig. 5, where the regularization parameter is fixed
at 1440 MeV. In these figures, (a) and (b) correspond to the isospin I = 0 and I = 1 cases, respectively. After carefully solving
the coupled-channel Schro¨dinger equation with the treatment of the S-D wave mixing, we find loosely bound states for both
cases.
For the isospin triplet case, i.e. I2 = 1, the dependence of the binding energy of the two-body BB∗ system on the regularization
parameter Λ is shown in Table IV. The energy threshold of the break-up state for the BBB∗ is just the two-body energy eigenvalue
of the BB∗ plus the mass of the three static free meson. We use E2 denote the energy eigenvalue of the BB∗. When the
parameter Λ varies from 1380 MeV to 1560 MeV, there is a bound state solution with the binding energy 2.11 ∼ 15.59 MeV
and the root-mean-square radius 1.51 ∼ 0.67 fm. The S -wave component takes over 99.13% ∼ 99.36% comparing to the
value 0.87% ∼ 0.64% for D-wave. The BB∗ and B∗B∗ channels have probabilities 91.91% ∼ 76.50% and 8.09% ∼ 23.50%,
respectively. The proportion of the B∗B∗ channel and D-wave component are relatively small. However, as the value of the
regularization parameter Λ increases, the B and B∗ interacting with pion is more like a point particle, the proportion of the B∗B∗
channel increases greatly, while the D-wave component decreases. We plot the radial wave functions of the S -wave and D-wave
Fig. 11(a) for the system BB∗, obviously, the bound state we have found is ground state.
For the isospin singlet case, i.e. I2 = 0, the dependence of the binding energy of the two-body BB∗ system on the regularization
parameter Λ is shown in Table V. We also use E2 to denote the energy eigenvalue of the BB∗. When the parameter varies from
1040 MeV to 1220 MeV, there is a bound state solution with binding energy 1.88 ∼ 14.78 MeV and the root-mean-square radius
2.03 ∼ 0.95 fm. The S -wave component is 86.09% ∼ 77.21% compared to the value 13.91% ∼ 22.79% for D-wave. The BB∗
and B∗B∗ channels have probabilities 92.05% ∼ 75.09% and 7.95% ∼ 24.91%, respectively. The proportion of the B∗B∗ channel
and D-wave component are relatively small which is similar with the case of isospin triplet. As the value of the regularization
parameter Λ increases, the proportion of the B∗B∗ channel increases greatly. Different from the case of isospin triplet the S-wave
component decrease and D-wave increase as Λ increases. As the parameter Λ increases, all of the effective potentials become
stronger. The S-wave potential increases faster than the D-wave potential for the isospin triplet case, while it is reverse for the
isospin singlet case. In order to check whether the bound state we have found is the ground state, we also plot the radial wave
functions of the S -wave and D-wave Fig. 11(b) for the system BB∗.
In Sec. II, we have listed the isospin wave functions of the BBB∗ which are expressed as |I2, I3, I3z〉. After solving the three-
body Schro¨dinger equation via the method of Sec. V, we find that all of these isospin eigenstates have bound state solutions.
As long as the two-body system BB∗ has a loosely bound state, the three-body system BBB∗ is most likely to have a loosely
bound state, too. We have collected the dependence of the three-body bound state solutions on the two-body binding energy in
Tables VI-VII.
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TABLE IV: Bound state solutions of the BB∗ system with the isospin I2 = 1. Λ is the parameter in the form factor. E2 is the energy eigenvalue.
The binding energy is −E2. rrms is the root-mean-square radius. α and β are the probabilities for the components BB∗ and B∗B∗, respectively.
BB∗ B∗B∗ Proportion
Λ(MeV) E2(MeV) S wave(%) D wave(%) S wave(%) D wave(%) rrms1(fm) α(%) β(%)
1380 -2.11 99.13 0.87 99.21 0.79 1.51 91.91 8.09
1400 -2.94 99.12 0.88 99.36 0.64 1.30 90.22 9.78
1420 -3.93 99.14 0.86 99.49 0.51 1.15 88.47 11.53
1440 -5.08 99.16 0.84 99.59 0.41 1.03 86.69 13.31
1460 -6.40 99.19 0.81 99.68 0.33 0.94 84.91 15.09
1480 -7.88 99.22 0.78 99.74 0.26 0.86 83.14 16.86
1500 -9.54 99.25 0.75 99.80 0.20 0.80 81.40 18.60
1520 -11.38 99.29 0.71 99.84 0.16 0.75 79.70 20.30
1540 -13.39 99.32 0.68 99.88 0.12 0.71 78.07 21.93
1560 -15.59 99.36 0.64 99.91 0.09 0.67 76.50 23.50
TABLE V: Bound state solutios of the BB∗ with the isospin I2 = 0. Λ is the parameter in the form factor. E2 is the energy eigenvalue. The
binding energy is −E2. rrms is the root-mean-square radius. α and β are the probabilities for the component BB∗ and B∗B∗, respectively.
BB∗ B∗B∗ Proportion
Λ(MeV) E2(MeV) S wave(%) D wave(%) S wave(%) D wave(%) rrms1(fm) α(%) β(%)
1040 -1.88 86.09 13.91 68.84 31.16 2.03 92.05 7.95
1060 -2.63 84.59 15.41 69.41 30.59 1.79 90.18 9.82
1080 -3.54 83.26 16.74 69.90 30.10 1.60 88.22 11.78
1100 -4.62 82.07 17.93 70.33 29.67 1.45 86.22 13.78
1120 -5.87 81.01 18.99 70.69 29.31 1.33 84.22 15.78
1140 -7.29 80.07 19.93 70.99 29.01 1.23 82.25 17.75
1160 -8.89 79.23 20.77 71.25 28.75 1.14 80.34 19.66
1180 -10.67 78.49 21.51 71.46 28.54 1.07 78.50 21.50
1200 -12.63 77.81 22.19 71.63 28.37 1.01 76.75 23.25
1220 -14.78 77.21 22.79 71.77 28.23 0.95 75.09 24.91
The bound state solutions for the state |1, 32 ,± 12 (± 32 )〉 are shown in Table VI. The three-body binding energy relative to their
break-up states is 5.67 MeV, when the parameter Λ is chosen at 1440 MeV and the two-body binding energy of their subsystems
BB∗ is 5.08 MeV. To search for the dependence on the binding energy of the two-body system E2, we change the parameter Λ.
It turns out that if the value of the E2 varies from −0.18 MeV to −17.97 MeV, then the reduced three-body energy eigenvalue
E3 decreases from −0.19 MeV to −18.99 MeV and the total three-body energy eigenvalue ET decreases from −0.38 MeV to
−36.95 MeV. The structure of the three-body bound state is a regular triangle with the root-mean-square length of one side
decreasing from 3.98 fm to 0.65 fm. In order to illustrate the strength of the BO potential, we also collect its minimum VBO(0)
in the table within the range of -3.43∼-37.24 MeV as the E2 increases. As E2 increases, the effective attraction between B and
B∗ becomes stronger, the BO potential becomed deeper, so then the three-body system becomes tighter and has a larger binding
energy. From the results in the table, we can also see that the dominant wave between any two B(∗) in the BBB∗ is S wave
and the dominant channel is the BBB∗ instead of the BB∗B∗ channel. For comparison, we plot the wave functions for any two
B(∗) in the BBB∗ system and that for the two-body BB∗ system in Fig. 11(a) with Λ = 1440 MeV. The shapes of these exhibit
little difference. From another perspective, one more B meson has little effect on the size of the system but greatly increases the
binding energy.
For the state |0, 12 ,± 12 〉, we also find a loosely bound solution, which is shown in Table VII. The three-body binding energy
relative to their break-up states is 7.18 MeV, when the parameter Λ is chosen at 1107.7 MeV and the two-body binding energy of
their subsystems BB∗ is 5.08 MeV. In order to show the dependence on the binding energy of the two-body system E2, we also
change the parameter Λ. We find that if the value of the E2 varies from −0.19 MeV to −17.10 MeV, then the reduced three-body
energy eigenvalue E3 decreases from −0.32 MeV to −20.96 MeV and the total three-body energy eigenvalue ET decreases from
−0.51 MeV to −38.06 MeV. The structure of the three-body bound state is a regular triangle with the root-mean-square length
of one side decreasing from 3.89 fm to 0.93 fm. As an illustration for the strength of the BO potential, we also list its minimum
VBO(0) in the table within the range of −2.15∼ −30.15 MeV as E2 increases. Similar to the I3 = 32 case, the dominant wave
between any two B(∗) in the BBB∗ is S wave and the dominant channel is the BBB∗ one. In order to show that one more B
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TABLE VI: Bound state solutions of the BBB∗ with the isospin I3 = 3/2. E2 is the energy eigenvalue of its subsystem BB∗ with the isospin
I2 = 1. E3 is the reduced three-body energy eigenvalue relative to the break-up state of the BBB∗ system. ET is the total three-body energy
eigenvalue relative to the BBB∗ threshold. VBO(0) is the minimum of the BO potential. rrms represents the root-mean-square radius of any two
B in the BBB∗ system. The S -wave and D-wave represent the probabilities for S -wave and D-wave components in any two B in the BBB∗.
The α and β denote the probabilities for the BBB∗ and BB∗B∗ components, respectively.
E2(MeV) E3(MeV) ET (MeV) VBO(0)(MeV) S wave(%) D wave(%) rrms(fm) α(%) β(%)
-0.18 -0.19 -0.38 -3.43 99.76 0.24 3.98 97.50 2.50
-0.48 -0.45 -0.93 -4.88 99.68 0.32 3.34 96.39 3.61
-0.89 -0.85 -1.74 -6.62 99.59 0.41 2.67 95.02 4.98
-1.43 -1.42 -2.85 -8.56 99.49 0.51 2.11 93.78 6.22
-2.11 -2.20 -4.31 -10.65 99.41 0.59 1.71 91.91 8.09
-2.94 -3.17 -6.11 -12.87 99.34 0.66 1.43 90.22 9.78
-3.93 -4.33 -8.26 -15.21 99.29 0.71 1.24 88.47 11.53
-5.08 -5.67 -10.75 -17.65 99.25 0.75 1.09 86.69 13.31
-6.40 -7.18 -13.58 -20.19 99.22 0.78 0.98 84.91 15.09
-7.88 -8.83 -16.71 -22.83 99.20 0.80 0.90 83.14 16.86
-9.54 -10.61 -20.16 -25.55 99.18 0.82 0.83 81.40 18.60
-11.38 -12.51 -23.89 -28.36 99.17 0.83 0.77 79.70 20.30
-13.39 -14.62 -28.01 -31.24 99.16 0.84 0.72 78.07 21.93
-15.59 -16.75 -32.34 -34.20 99.15 0.85 0.68 76.50 23.50
-17.97 -18.99 -36.95 -37.24 99.14 0.86 0.65 75.01 24.99
meson has little effect on the size of the system, we also plot the wave functions for any two B(∗) in the BBB∗ system and that
for the two-body BB∗ system in Fig. 11(b) with Λ = 1107.7 MeV. Here we chose the parameter Λ = 1107.70 MeV for a better
comparison with the |1, 32 ,± 12 (± 32 )〉 case, since both cases have the same two-body binding energy 5.08 MeV.
TABLE VII: Bound state solutions of the BBB∗ with isospin I = 1/2. E2 is the energy eigenvalue of its subsystem BB∗ with the isospin I = 0.
E3 is the reduced three-body energy eigenvalue relative to the break-up state of the BBB∗ system. ET is the total three-body energy eigenvalue
relative to the BBB∗ threshold. VBO(0) is the minimum of the BO potential. rrms represents the root-mean-square radius of any two B in the
BBB∗ system. The S -wave and D-wave represent the probabilities for S -wave and D-wave components in any two B in the BBB∗. The α and
β denote the probabilities for the BBB∗ and BB∗B∗ components, respectively.
E2(MeV) E3(MeV) ET (MeV) VBO(0)(MeV) S wave(%) D wave(%) rrms(fm) α(%) β(%)
-0.19 -0.32 -0.51 -2.15 94.66 5.34 3.89 97.68 2.32
-0.44 -0.64 -1.08 -3.04 92.56 7.44 3.27 96.66 3.34
-0.80 -1.13 -1.93 -4.19 90.43 9.57 2.69 95.36 4.64
-1.27 -1.82 -3.09 -5.57 88.49 11.51 2.24 93.80 6.20
-1.88 -2.72 -4.60 -7.14 86.72 13.28 1.93 92.05 7.95
-2.63 -3.82 -6.45 -8.89 85.09 14.91 1.70 90.18 9.82
-3.54 -5.11 -8.65 -10.78 83.60 16.40 1.53 88.22 11.78
-4.62 -6.57 -11.20 -12.82 82.27 17.73 1.40 86.22 13.78
-5.04 -7.13 -12.17 -13.56 81.84 18.16 1.36 85.52 14.48
-7.29 -10.00 -17.29 -17.25 80.06 19.94 1.21 82.25 17.75
-8.89 -11.93 -20.83 -19.63 79.15 20.85 1.13 80.34 19.66
-10.67 -14.00 -24.68 -22.12 78.36 21.64 1.07 78.50 21.50
-12.63 -16.20 -28.84 -24.70 77.66 22.34 1.02 76.75 23.25
-14.78 -18.52 -33.30 -27.38 77.03 22.97 0.97 75.09 24.91
-17.10 -20.96 -38.06 -30.15 76.46 23.54 0.93 73.52 26.48
The state |1, 12 ,± 12 〉 also has a loosely bound solution. However, in our calculation the states |1, 12 ,± 12 〉 and |1, 32 ,± 12 (± 32 )〉
are degenerate. This is due to the fact that in the OPE model only two-body interactions are considered, and the two-body
interaction is only depends on the total isospin of the two interacting mesons. The states |1, 12 ,± 12 〉 and |1, 32 ,± 12 (± 32 )〉 have the
same two-body interaction but may have different three-body interaction. If we further consider the calculation to the next-to-
next leading order, this degeneracy may disappear. The calculation that contains three-body interactions via pion exchange is
quite complicated, which is left for the further work.
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The numerical results show that the three-body binding energy |E3| increases as the two-body binding energy |E2| increases.
One may wonder whether there is a critical value of the |E2|, below which the three-body system has no bound state solution.
After lots of calculations, it turns out that all of the isospin eigenstates have no such critical value. That is to say, no matter
what a small value for the two-body binding energy |E2|, as long as the two-body system BB∗ has a loosely bound state, the
three-body system BBB∗ probably has a loosely bound state. To show this conclusion explicitly, we plot the dependence of
the three-body binding energy on the variety of two-body binding energy in Fig. 12. The isospin eigenstate |1, 32 ,± 12 (± 32 )〉 and
|1, 12 ,± 12 〉 cases are shown in Fig. 12(a), where EBBB
∗
I=3/2 and E
BB∗
I=1 denote the reduced three-body binding energy and two-body
binding energy, respectively. When the two-body binding energy EBB
∗
I=1 approaches 0 MeV, the reduced three-body binding
energy EBBB
∗
I=3/2 approaches a small value of about 0.06 MeV. Similarly, we also plot the dependence curve for the |0, 12 ,± 12 〉 case
in Fig. 12(b), where EBBB
∗
I=1/2 and E
BB∗
I=0 denote the reduced three-body binding energy and two-body binding energy in this case,
respectively. As shown in the figure, the reduced three-body binding energy EBBB
∗
I=1/2 also has a small value of about 0.12 MeV,
when the two-body binding energy EBB
∗
I=0 approaches zero.
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FIG. 11: Plot of various wave functions. The blue lines represent the wave functions for any two constituents in the BBB∗. The red lines
denote the wave functions for its subsystem BB∗. (a) corresponds to the isospin states |1, 32 ,± 12 (± 32 )〉 and |1, 12 ,± 12 〉 cases. (b) corresponds to
the isospin state |0, 12 ,± 12 〉 case. Here we chose the parameter Λ = 1440 MeV in t (a) and Λ = 1107.7 MeV in (b) for a better comparison of
all the cases, since they have the same two-body binding energy of 5.08 MeV.
� � �� �� ��
�
�
��
��
��
��=���* [���]
� �=�
/�
��
�* [�
��]
EI=3/2BBB*=0.06 MeV
(a)
� � �� �� ��
�
�
��
��
��
��=���* [���]
� �=�
/�
��
�* [�
��]
EI=1/2BBB*=0.12 MeV
(b)
FIG. 12: Dependence of the reduced three-body binding energy on the two-body binding energy of its subsystem BB∗. The red point is
the critical point which indicates the lower limit of the required binding energy of the isotriplet BB∗ to form a three-body bound state. (a)
corresponds to the isospin states |1, 32 ,± 12 (± 32 )〉 and |1, 12 ,± 12 〉 cases, while (b) corresponds to the isospin state |0, 12 ,± 12 〉 case.
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IX. SUMMARY AND DISCUSSION
In the present paper, we have performed an extensive study on the possibility of the BBB∗ system to form tri-meson molecules.
Based on the Born-Oppenheimer potential method as well as the OPE scheme, we derived the three-body Schro¨dinger equation
for the system BBB∗. Since the regularization parameter Λ is difficult to be pinned down, we choose the parameter in the
range of 0.9∼1.6 GeV and show various bound state solutions of the BBB∗ system. After careful treatments of the S-D wave
mixing and the coupled-channel BB∗B∗ effects, we found that all of the isospin eigenstates expressed by the |I2, I3, I3z〉 have
bound state solutions. For instance, in the states |1, 32 ,± 12 (± 32 )〉 and |1, 12 ,± 12 〉, the three-body binding energy relative to their
break-up states is 5.67 MeV, when the parameter Λ is chosen at 1440 MeV and the two-body binding energy of their subsystems
BB∗ is 5.08 MeV. In the state |0, 12 ,± 12 〉, the three-body binding energy relative to their break-up states is 7.18 MeV, when the
parameter Λ is chosen at 1107.7 MeV and the two-body binding energy of their subsystems BB∗ is also 5.08 MeV. After careful
calculations, we find no critical value for the two-body binding energy, which indicates the lower limit of the required binding
energy of their subsystem BB∗ to form a three-body bound state. That is to say, no matter how small the two-body binding
energy is, as long as the two-body subsystem BB∗ has a loosely bound state, the three-body system BBB∗ is most likely to have
a loosely bound state, too.
The BO potential method we have used in this paper is an adiabatic approximation that divide the degrees of freedom of the
motion for the three-body system into a light one and a heavy one. Then we simplify the three-body system into a two-body
system only with heavy degrees of freedom but with an additional BO potential generated by the relative light meson. Since the
system B(∗)a B
(∗)
b B
(∗)
c has little mass difference on its constituents, the motion of every constituent can be regarded as a light degree
of freedom. Therefore, the eigenstates of the three-body system should be the combinations of all of the possible cases. As the
most simplest combination, one might expect the three-body eigenstate should be a superposition all of the possible cases. In
other words, the three-body bound state solutions we have listed in the last section are approximate solutions. It may be that the
strict solutions will be a more complicated combinations. To answer this question requires further study.
Our calculations are based on the OPE scheme, which is leading order in the chiral power counting (neglecting contact
interactions). Since only one virtual pion occurs in the BBB∗ molecule, the virtual pion is also shared by the three mesons.
Therefore, the three constituents in the BBB∗ system share one virtual pion which corresponds to a delocalized pion bond. It is
attractive and strong enough to make them form a three-body molecular state.
To summarize briefly, with the delicate efforts of the long-range one-pion exchange, the S-D wave mixing and coupled-
channel effects, we have investigated the existence of the loosely bound tri-meson molecules BBB∗ and find that it is very easy to
form a tri-meson molecular state as long as its two-body subsystem BB∗ has a molecular state. Hopefully, the present extensive
investigations will be useful to the understanding of the few-body hadronic systems and the future well-developed experiments
on hadron collisions will provide us with a platform to seek out the tri-meson molecules.
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Appendix: Some helpful functions and Fourier transformations
The functions Y(m˜pir) and Z(m˜pir) in Eqs. (10)-(12) are defined as
Y(m˜pir) =
exp(m˜pir)
m˜pir
,
Z(m˜pir) = (1 +
3
m˜pir
+
3
(m˜pir)2
)Y(m˜pir),
where
m˜2pi = m
2
pi − (∆M)2.
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Fourier transformation formulas read
4pi (
Λ2 − m2pi
Λ˜2 + ~q2
)2
1
~q2 + m˜2pi
→ m˜piY(m˜pir) − Λ˜Y(Λ˜r) − (Λ2 − m2pi)
e−Λ˜r
2Λ˜
,
4pi (
Λ2 − m2pi
Λ˜2 + ~q2
)2
~q2
~q2 + m˜2pi
→ m˜2pi[Λ˜Y(Λ˜r) − m˜piY(m˜pir)] + (Λ2 − m2pi)Λ˜
e−Λ˜r
2
,
4pi (
Λ2 − m2pi
Λ˜2 + ~q2
)2
(~1 · ~q)(~2 · ~q)
~q2 + m˜2pi
→ 1
3
~1 · ~2[m˜2piΛ˜Y(Λ˜r) − m˜3piY(m˜pir)
+ (Λ2 − m2pi)Λ˜
e−Λ˜r
2
] +
1
3
S T [−m˜pi3Z(m˜pir) + Λ˜3Z(Λ˜r) + (Λ2 − m2pi)(1 + Λ˜r)
Λ˜
2
Y(Λ˜r) ],
where Sˆ T = 3(~r · ~ˆb)(~r · ~ˆ†a ) − ~ˆb · ~ˆ†a .
The polarization vector is the S-D wave space have the following substitution
~b · ~a† →
(
1 0
0 1
)
,
S T →
(
0 −√2
−√2 1
)
,
i~†3 × ~1 · i~†4 × ~2 →
( −1 0
0 −1
)
,
S T (i~
†
3 × ~1, i~†4 × ~2)→
(
0
√
2√
2 −1
)
,
~3 · i~†4 × ~2 →
( √
2 0
0
√
2
)
,
S T (~3, i~
†
4 × ~2)→
(
0 1
1 − 1√
2
)
.
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